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Abstract 

We consider functions on the lattice generated by the integer powers of for 
< g < 1 and construct the g-analog of Fourier transform based on the Jackson 
integral in the space of distributions on the lattice. 

1 Introduction 

The classical Fourier transform is a powerful tool in the Harmonic analysis on the simple 
Lie groups and homogeneous spaces. In the quantum group case similar problems can be 
simplified by the Fourier transform in the quantum affine space. There exist a few papers 
devoted to the quantum Fourier transform but their main object is the quantum 

algebra of operators without specification of the spaces of functions where these operators 
are defined. For this reason, applications of those results in concrete problems of Harmonic 
analysis are not so easy. We investigate here the simplest one- dimensional case where the 
whole effect of the non-commutativity emerges only in the lattice form of the space of 
function and a very simple algebra generated by functions in the direct and inverse Fourier 
spaces. This particular situation can be considered as the g-deformation of the classical 
Fourier transform which attracted last time a particular attention due its relation to the 
generalizations of the classical harmonic oscillator problem (see ^, ^ |^). While one 
of the primary interest of these papers is the investigations of different kernels of the q- 
Fourier transforms, we focus on spaces of functions and their special g-Fourier transform 
based on the g-exponents. Our approach is very similar to the classical picture developed 
in [^. We consider the space of test functions and g^-distributions and then determine 
the g^-Fourier transform of test functions. A slightly different g-Fourier transform on 
a subspace of test functions was considered in [Q. The g^-Fourier transform of the g^- 
distributions is determined by the Parseval identity. In conclusion, we present a table of 
the g^-Fourier transforms of some g^-distributions. 



2 Preliminary relations 

We assume that z & C and |g| < 1, unless otherwise is specified. 
We recall some notations 0. For an arbitrary a 



1 for n = 

(1 — a)(l — aq) ... (1 — aq'^~^) for n > 1, 

ia,q)oc = hm (a,g)„. 



Consider the g^-exponentials 



\z\ < 1, 



00 qn{n—l)^n 



^0 {(f^(f)n 



-Z,q )oo 



and the g^-trigonometric functions 



(2.1) 
(2.2) 



coSg2 z = -{eq2{iz) + eq2{-iz)), sing2 z = —{eq2{iz) - eg2{-iz)), 

1 1 
Cos<^2 z = -{Eq2{iz) + Eq2{-iz)), Sinq2 z = —{Eg2{iz) - Eq2{-iz)). 



We also consider the basic hypergeometric series 



^<l>l(-;0;g^;^) = ^ 



00 2n(n— l)^n 



^0 



(2.3) 
(2.4) 

(2.5) 



It follows from (|2.1|) that 6^2(2;) is a meromorphic function with simple poles in the 
points z = q~'^^ , /c = 0, 1, . . . . 

Lemma 2.1 The function 6^2(2;) is represented as the sum of partial fractions: 



eq2[z) 



' y 



-Ifq 



k k{k+l) 



{q^,q^)k{l - zq^'')' 



(2.6) 



Proof. Let 



where 



eq2{z,n} 



1 \ ^ Ck^n 

iz,q^)n ^1-Zg2fe^ 



Ck,n = res2=g-2fc eg2{z, n) = lim (1 - zq^'')eq2 {z, n) 
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1 

Therefore, 

Since this series converges absolutely for q G (0, 1), ( pl6|) holds for an arbitrary z 7^ g~^'^. 
■ 

From (12. 31) we obtain 



Corollary 2.1 T/ie functions coSq2 2; and sing2 2; are represented as the sums of partial 
fractions 

COSq2 Z = X! /^2 r,2\, (^ I ^2^4fcV (^■'^) 



Proposition 2.1 //^ and q are real then 



COS„2 z < 



sin^2 z\ < 



{l + z^){q\q^)^^ 

kl(-i,g^)oo 



(l + ^2)(g2^^2) 



00 



Proof. Since 

1 



< 



2n 



1 + ;z2g4fc - 1 + ;22 ' 

for an arbitrary real z and for an arbitrary A; > 0, we have 

00 ^ '^•■^k qk{k+3) 00 ^k(k-l) 

The statement of Proposition follows from ( |2.7| ), ( ^.81 ) and the last relations. 
The next proposition follows immediately from ( p.2|) and ( p.4D . 



Proposition 2.2 CoSq2 z and Sin^2 z satisfy the inequalities 

I CoSg2 z| < 1, I Sin52 z\ < \z\. (2.9) 



3 



Consider the theta function 

n>0 

where p = exp27r2r, (/mr > 0). Let 

OO 1 

Q(.,g) = (l-g^) E , ,-1,-.^ (2-10) 

m=-oo T ^ q 

Then it follows from the modular properties of ( |2.10D that 

1 ^{u + t/2\t)^'{0\t) 



Qiz,q) 



27ri i^{u\t)^{t/2\t) 
where 

22lng 1 1 

u = — : In 2; + 



7T Tli 2 

Define the function 



e{z) = {l-q') Y: sin,.((l-gV"^)- (2.11) 



m=—oo 



Proposition 2.3 Q{z) has the following properties: 

1. Q{q^^z) = &{z) for any z ^ 0, 

2. Q{z) = Q{{l-q^)z,q). 

Proof. 1. follows immediately from ( |2.11| ). 
Due to (|2.8|) Q{z) can be represented as 



<fU to ?')41 + (1 - q'yz'q'^"^^^^ ■ 

We can change the order of summation since the inner series converges uniformly with 
respect to m. Then using ( |2.1| ), ( |2.2| ) and ( p.lO| ) we obtain 

" ~ (g^ q'U h <f)^ mhoo 1 + (1 - g2)2^2g4(..+.) - 

■ 

Specially we define 

eo = e(l) = Q(l-g2,g). (2.12) 
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Proposition 2.4 For an arbitrary integer M > 

oo 

(1 - q')z Y: g'"cov((l - q')q'"^z) = sin,.((l - q')q-'''z), (2.13) 

m=-M 

oo 

{l-q')z q'"'sm^.iil-q')q'"'z) = l-cos,.iil-q')q~'''z). (2.14) 

m=-AI 

Proof. Assume that |(1 — g^)g~^™'z| < 1. Then 



oo oo oo /'-I 2\2k imk 2k 

{l-q')z Y g2-cos,.((l-gV"^)= ^ (1 - g E(-l)' ^ ,V 2, 

m=-M m=-M k=0 W 5 5' J2A: 

= E(-1)' ^ ('2^ ^2 J E g^-(^^-+^) = sin,.((l-g^)g-^.). (2.15) 



For 2; 7^ ±i(l — g^) ^q ^" the left side of ( p.l3|) is defined as the analytic continuation of 



( p.l5| ). (p.l4|) can be proved in the same way. 

3 Q-^- derivatives and g^-integral 

Let A = C{z, z~^) be the algebra of formal Laurent series. The g^-derivative of f{z) ^ A 
is defined as 

dj{z) = -^^{f{z)-f{qh)). (3.1) 
1 — g"' 

For an arbitrary n > 

dlz"" = I ii'Jl-Ji-g'r^''''' 0<k<n ^2 2) 

^ [0 for k > n, 

and for any n > and A; > 

fsk^-n-l _ ( 1 \k ^~k{2n+k+l) i ? )n+k ^^n-k-l (o o\ 

The g^-integral (Jackson integral 0) is defined as the map Iq2 from A to the space of 
formal number series 

» 00 

i,.f = J d,.zf{z) = {i-q') E q'^^ifiq'n + fi-q'n] (3.4) 



Definition 3.1 The function f{z) is locally q^-integrahle, if the q^-integral 

/ d,.zf{z) = (1 - q') E q'^^ibfibq'n - afiaq'^] (3-5) 
exists for any finite a and b, i.e., the series in the right side of 4j converges. 



Definition 3.2 f{z) is absolutely q^-integrahle function, if the series 

oo 
m=—oo 

converges. 

Let B be the algebra analogous to A, but generated by s, which commute with z 
as zs = q^sz. Define the g^-differentiation in B as 

9,0(s) = (0(s)-0(g2s))-^. 

1 — 

We denote by AB the whole algebra with two generators 2;, z"^, s, s"^ and the 
g^-differentiation 

zs = q'^sz, d^s = q'^sd^, dgZ = q^zd^, d^ds = q^dsd^. (3.6) 

We consider AB as a left module under the left action of A by multiplication, and a 
right module under the left action of B. 

To define the g^-integral on AB we order the generators of integrand in such a way 
that z stays on the left side while s stays on the right side. For example, if f{z) = J2r (^rz"^ 
then 

fizs) = J2arizsr = Y.arq-''^''-'hrs'. 

r r 

For convenience we introduce the following notation 

r r 

For example, we can derive from ( |2.1| ), ( p.2| ) and ( |3.6| ) that 

Eg2{i{l - q'^)zs) = teq2{i{l - q^)zs)t. 

Following prescribed rules we calculate 
1. 

J dq2ZZ-^Eg2{i{l - q'^)zs) = 2iQ{s) (3.7) 

(see (^)). 

2. Using ( p.l4|) and Proposition we get 



J dg2zQ{z)Eg2{i{l - q^)zs) = 2iQos'^. 



4 ^'^-distributions 

Let Sg2 = {(f){x)} be the space of infinitely g^-differentiable fast decreasing functions 

|x'=ai(/.(a;)| <Cfe/g), A; > 0, / > 0. (4.1) 

Let S be the space of infinitely differentiable (in the classical sense) fast decreasing 
functions 



\X' 



V(')(x)| <Cfc,z, A;>0/>0. (4.2) 



6 



Proposition 4.1 



S C Sq2. 



Proof. We denote by X2, . . . , Xk) the separated difference of order k. Tlien it is easy 
to find tliat for an arbitrary integer I > 



{1-q 



2V a: 



(4.3) 



On tfie otfier fiand, if (plx) is differentiable / times (in tlie classical sense), then there 
exists a point G (g^'x,x), such that 



0(g2'x,g2'-2a;,...,x) = -0W(O. 



(4.4) 



Then, it follows from (|J) and (|J) 



Therefore, from ( 4.2 



(r,r)/^! 

Finally, if 0„(x) — > for n — oo in the space S then 0ri(2;) — ^ in the space Sq2. ■ 

Definition 4.1 T/ie skeleton (j){z) of (j){z) G 5*^2 i/ie set of evaluations of (f){z) on the 
lattice generated by the powers of 

(t){z) = 0(z)|^=52n,n = O, ±1,.... 

The space of the skeletons we denote by Sqi. 
The functions 



1 for z = g^"" 
for z ^ q 



-,2n 



generate the basis in the space Sg2: 



2n 0n (^) 



1 for z = —q" 
for z ^ — g^". 



2r^^ 



,2n\ 



The topology in Sq2 is induced by the topology in 5*^2 ( |4.1|) : 



2n{k-l) I 



(l-g2 



l(-l) 



i=l 

2n(k-l) I 

1 

i=l 



7E(-i) 



(l-g2y 



Let Lq2 be the linear map from Sq2 to Sq2 defined by the evaluation of functions in 
the vertices of the lattice. Then 

Sqi = Sq2 I ker Lq2 . 

Let A0(;z) = (piq'^z). Then 

Az = q'^zA, d,A = q^Ad^. (4.5) 
The operations A and are well defined on Sq2 since 

ALq2 = Lq2A, dzLq2 = Lqldz- 

Moreover, the g^-integral vanishes on the functions from ker Lq2 , and therefore is defined 
on the quotient Sq2 = Sq2 / ker Lq2 . In some places, we will write in the g^-integral an 
element from Sq2 assuming that it is a representative from the quotient. 

Proposition 4.2 If (j){z) G 5*^2 then 

J dq2zdz(i>{z) = 0. 
Proof. It follows from ('0),(|3D and fO) 



„ oo 

Jdq2zdz^{z)= y: [kq'n - kq'""^') - k-q'n + k-q'""^')] 



m=— oo 



hm [0(g--)-0(-r"^^)]=O. 

M^oo 



Corollary 4.1 (q"^ -integration by parts) For any k > 

' dq2zij){z)d'lij{z) = / dq2zd^J{z)^{q^''z). 



Definition 4.2 The q"^ -distribution f over Sq2 is a linear continuous functional f : Sq2 
C. 



We denote by S'2 the space of the g^-distributions over S. 



.2 . 



Definition 4.3 The sequence {/«} is referred to as convergent in to f & if for 

any (j){z) G Sqi the sequence {< /n,0 >} converges to < f,(f) >. 

The g^-distributions which are defined by the g^-integral 

POO _ _ _ 

</,0>=/ dq2zf{zmz) = {i-q') y: <f'^[K<fn^{q'n + K-q'n^{-<fn] 



m=—oo 
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we refer as regular. 

Corollary ^4.1| and Proposition [4.2| allows to introduce the g^-differentiation in S'n 



<dj,4>>=-q^ <Af,d,4>> ■ (4.6) 
Let us give some examples of ^^-distributions. 



1. 

oo 



2. 

< 0~2,(h>= 



POO ^ 

/ d,.z<P{z) = {l-q') Y: q'"'<l>{q'n- (4.7) 

•^0 m=-oo 



/•U „ °° 

/ d,.z<j>{z) = {l-q') Y: q'"'<P{-q'n- (4.^ 



So, the g^-distributions 6*^ and 6^2 correspond to the functions 

00 00 



^ m^oo 2 

Moreover, it follows from ( [4.6|) 

< 9,(^^+ _ 0-,), >= - < - 9-2, d^^ >= 

= -(!-?') E ?''"(i^[0(?''")-0(?'™^')] + l^[0(-?''")-0(-?''"+'^^^ 

™_ ^ ^ 1 — (7 1 — (7 ^ 



i — 

M 

M^oo 



-Jim^ Y: [0(g'™) - 0(g'"^+') + 0(-g''") - 0(-g'"^+')] 

m=-M 



= - hm [0(g--) - 0(g-^+^) + 0(-g--^) - 0(-g^^^'^+^)] = 20(0), 

M— >oo 

9,(^^J(^)-^^;.(^)) = 25,.(z). (4.9) 

4. 

/•OO ^ ^ 

<z-\<p>= d^2zz-'[<p{z)-<j>{~z)] = {i-q') Y mq'n - <Pi-q'n]- 

5. For an arbitrary A; > 

[q ^ q )k [q ^ q )k 

= ^-^^^ E [5,V(^)|.=.-- 5.^(^)1.=-,-]. (4.10) 

{q,q>h 



m=—oo 
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6. For an arbitrary u > —1 



< <, >= / d,.zz^<f>{z) = (1 - q') y: 

•^0 m=-oo 

Since for any k >0 



we define 



(^ — n2\fc+i oo 



m=—oo 



7. Similarly, for an arbitrary u > —1 

rO 



/u ^ ^ 

rf,.z(-zr0(z) = (1 - g2) ^ q 
m=-oo 

and for an arbitrary k > 

[q ^'^,q^)k 



m=— oo 



5 The (/^-Fourier transform 

Consider the space 5'^^ = {ip{s)} generated by the similar class of functions as 5*52 = 
{0(2;)} ( [4 .11 ), but s and z are related as the generators in the algebra AB (p.6|). We 
introduce the same topology in 5''' as in 5*52 

\s^d[(t>{s)\<Ck,M). k>0, l>0, (5.1) 



and, thereby, these spaces are isomorphic. 

?q2 



We define the map from 5*02 to 



L 2 ^ -F 2 



where 



Tq2ct){z) = J dg2Z(j){z) o$i(-; 0; q\ t{l - q')q'zs), (5.2) 

is the g^-Fourier transform and o'^'i is defined by ( |2.5| ). It follows from ( [5.2[ ) that JFg2 
is well-defined on 5*^2, and, in some places, we will preserve the same notation for the 

2 

operator acting from Sq2 to S'^ discarding the action of Lg2. 

Our aim is to find the inverse map and to prove the continuity of the both maps. More 
precisely, we define the dual space of skeletons S'^ for S'^ and the map 

= ^J Eq2{-t{l - q^)zs)i^{s)dq2s, i:{s) E 5^' (5.3) 



from S*' to 5*52. 
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Consider the diagram ^ 

Oq2 > Oq2 



We will prove 

Proposition 5.1 l.The maps 



realize isomorphisms of topological spaces. 
2. The maps 

LqiT ^2Lq2T^2 

are t/ie identity maps on Sqi and S'^ correspondingly. 

We begin with 
Lemma 5.1 

rf,2.e,2H(l-g2).)o$l(-;0;g^^(l-gV^.) = | l = [ 

where Go is determined by ( ^.ISj) . 

Proof. In according with our definition of g^-integrals all integrands must by ordered. It 
follows from fO), fOT) and (EM that 



o$i(-; 0; q^, z{l - q^)q^zs) = XE^2{i{l - q^)q^zs)X, 
and we come to the integral 

j dq2zeq2{-i{l - ) z) | Eg2 ( 1 - q'^)q'^zs)t. 

Using ([2J] ) and (^) we obtain 

a,[e,2(-^(l - q^)z)tEq2{t{l - q^)zs)t] = -^e,2(-z(l - q'')z)tEq2{t{l - - s). 

Hence, if s 7^ 1, then 

j dq2zeq2{-i{l - q^)z)XE^2{i{l - q^)q^zs)X = 
= ^(1 - J dq2zd,[eq2{-t{l - q^) z)tEq2 {t{l - q^)zs)t]. 
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It can be represented in the form (see ( ^.31 ) and 

{s - lim [cos,2((l - q^)q-^^') Sing2((l - q^)q-^'^+h) 



M^oo 



-sm^2iil~q')q-''')Cos^.{{l-q')q-'''+^s)-cos,2i{l-q')^^^^ 

+ sin,2((l - q')q'''^') Cos,.((l - q')q'''^'s)]. 



Due to Propositions |0| and the last expression vanishes. 
If s = 1 then 

J dg2zeg2{-i{l - q^)z)Eq2{i{l - q^)q^z) 



(l-g^) g^- 



m=— oo 



2^,^2m+2^^2-)^ 



oo 

= 2E 



-^(l-g2)g2n^^^2)^ 
1 



i{l-q^)q^^,q^), 
1 \ 



(1 - g2)-lg-2m + (1 _ g2)^2m 1 _ ^2 

(see ( CT ) and (^)).- 

The next Lemma can be proved in the same way. 



Lemma 5.2 

j Eq2(—i(l — q^)zs)Eq2{i{l — q^)q^s)dq2S 



Y^Oo /or z = 1 
for z ^ 1. 



Lemma 5.3 



Tq2k = q A jFg2, Tq2dz = —%sTq2^ J^^2Z = —iq A dsTq2^ (5.4) 



(5.5) 



Proof. It is easy to verify that the kernels of the g^-integral transforms ( ^.2|) and (|5.3|) 
satisfy the conditions: 

0$ i(-; 0; ^(1 - q^)q^zs) = 1^^2(2(1 - q^)q^zs)t, 

Eg2{-i{l - q^)zs) = teg2(i(l - q^)zs)t 

and 

(92|i?g2((l — q'^)azs)l = aiEq2{(l — q^)aq^zs)Xs, 
dsXEq2{{l - q^)azs)X = a4E,2((l - q^)aqhs)t, 

dzteq2{{l — q'^)azs)l = a|eq2((l — q'^)azs)ts, 

dsteq2{(l — q'^)azs)l = azleq2((l — q^)azs)l. 
From (14.51) and the last relations we come to the statement of Lemma.a 
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Now we can prove Proposition |0 . 



From ( |5.4| we obtain 



On the other hand 



k J 



dss 



k ( —21 2\ 

. ^k k{2l-k+l) Vr-1 Y7„.70-l) ^'^ > 



k 
j 



-k+jgj 



Therefore, if (j){z) satisfies ([4.1|) its image J^^Kpi^z) satisfies (|5.1|) . It means, in particular, 
that the image of converged sequence in Sq2 converges in S'^ . The statement concerning 
!F~-^ can be proved in the similar fashion using ( |5.5| ). 

To prove the second part of Proposition we consider the action of the Fourier operators 
on the basis: 

•^o^°-^o^'V^n(^) = ^^(^), (5.6) 



(5.7) 



Consider the first relation 



^ ~ ^'-g'" / d,.ze,.H{l - q')q'"z) o<f 0; g^ z(l - q')q'zs) = 



260 
260 



d,2ze,2 - q')z) o$i(-; 0; q\ i{l - q^)q~^''^^ zs) 



ZS). 



It follows from Lemma 5.1 that 



1 for s = q^^ 
for s ^ g^". 



and we come to ( ^.6|) . In the similar way Lemma |5]^ leads to ^ ^ 

6 The g^-Fourier transform of ^'^-distributions 

Definition 6.1 The q^-Fourier transform of q^ -distribution f G 5*^2, is the q^ -distribution 
g E (S'^^y defined by the equality 

< g,ij >=< f,(f)> (6.1) 

where (j){z) is an arbitrary function in Sq2 and ipi^) G 5''^^ is its q^-Fourier transform. 

Suppose that the g^-distribution / corresponds to f{z) and zf{z) is absolutely g^-integrable 
function. Let (j){z) = J-'~2^tp{s). Then 



< f,(p>= 



J dg2zf{z) J Eg2{-i{l - q^)zs)'^{s)dg2S = 
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dq2zf{z)Eq2{i{l - q^)zs)ij{s)dg2S =< g.i}) > . 



260 

It means that the g^-distribution g corresponds to the function 



9{s) = ^J d,2zf{z)E,2{i{l - q^)zs). (6.2) 



260 

Similarly, if g is defined by the absolutely g^-integrable function g{s) and ^^{s) 
J^g2(f){z), then 

< g,ip>= / dg2Z(f){z) o^i{-; 0; q^, i{l - q^)q^zs)g{s)dq2S = 



dq2Z(f){z) J o^i{-; 0; g^ - q^)q^zs)g{s)dq2S =< /, >, 
i.e., / corresponds to 

f{z) = J o^i{-,0;q^,-t{l - q'')q''zs)g{s)dg2S. (6.3) 

The g^-Fourier transform of the g^-distributions from 5*^2 we denote by JF^2. The next 
Proposition follows from ( |6.2| ), ( |6.3| ) and Lemma p3 



Proposition 6.1 There are the following commutation relations in the space of q^ dis- 
tributions: 

T'g2K = q~^h~^J'[2, T'g2d-, = -%K-^sT'g2, T[2Z = -%d,T[2. (6.4) 



-^2)-^A = q--" tc\rg.)-\ {T'g2)-^ds = iz{:F'g2)-\ {j'',2)-'s = zq-'A-'d.{rg2)-\ 



We define the g^-Fourier transforms of some g^-distributions. 
1. It follows from ( |3.7| ) that 



Thus, 

J''g2Z-' = J Signs = z(^+ - r^) (6.5) 

,2 



-,-1 



as the distribution over 5''^ 

2. (U), (I^D and (g^) give (|4j) that 



= j^'^,zz-' = -id,T'g2z~^ = dsie+ - e-,) = 25,2. (6.6) 



1 r°° 1 
J"AK'2 - = wj, d,2zE^2{t{l - q')zs) - ^ j_J^2zE^2{i{l - q')zs) 

00 

Y: q'-'ieAKl - q')q'"'s) - e,.(-^(l - q')q'"'s)] = 



l-g2 °° 
26o 



m=— 00 
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<1 <f) g q^^s\ri^,{{l-q^)q^--s). 



On 



m=— oo 



Using ( |2.15| ), we obtain 



IS 



lim(l-g2). ^ g2™sin,.((l-gV") 



m=-M 



lim [l-coSg2((l-g )q 
4. It follows from (U) and that 



Or 



5. From p:7| ) and ( |^ ) and we obtain 



1 zs~^ 



28 



(6.7) 



Proposition 6.2 For an arbitrary integer > 
Proof. The relation 1 - ii^^ll/^n^n 



3.1 we obtain 



{q',q^)r 



d^z^ follows from ( p.2| ). Next, from ( |6.6| ) and Proposition 



Thus, 



9 (l-g2)n 



Since (s'^A)" = g-"("-i)s-"A" and 5g2(g2«s) = q~^^5q2{s), 

Then, the statement of Proposition follows from ( |6.8| ). ■ 
Proposition 6.3 For an arbitrary integer n > 



nri ~n-l -n+l {Q 7 Q )n „ 

J^q2Z =1^ — Signs. 



{l-q2)n 
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Proof. For an arbitrary n > we have from 



(l-g2)n- 



Using Proposition |6.1| we obtain 



(1 - g2) 



(1 -g2)n 



It can be derived from (|4.5|) that (A ^s)" = g "("+1)5"^ Using this equahty and ( |6.5| 
we come to the statement of Proposition. ■ 



Proposition 6.4 



■/ v-l _ ^q^ 



J- q2Z_ 



260 



where 



260 



m=— 00 



(1 -g2)-lg-2m^ (^X _^2)^2m- 

Proof. If < Rez/ < 1, and give 

1 _ „2 00 



2Qr 



(6.9) 
(6.10) 



(6.11) 



m=— 00 



It can be directly checked that z';^ satisfies the equation 

1 _ o2{;.--l) 

zdJiz) = / , fiz). 
1 — 



From the Proposition |6.1| we obtain that the g^-Fourier transformed equation takes the 
form 

1 _ q^if-i) 
-q ^dsisg{q ^s)) = ^ _ ^2 dis). 

Since sZ'^ and sT" satisfy this equation we can write 



J'qiZ'^ ^ — CiS_^ + C2Sj^ . 



Substituting s = 1 in ( |6.12|) we obtain from ( |2.6| ),( |6rTTD and ( |6.12|) 



J2 00 



C2 = kj- E q'''^e,.{i{l-q')q'n 



260 



m,=— 00 



1 _ „2 00 00 ( — ^\'n■n'^{n+l) 

t ('„2\ 2vm Sr^ I ^1 q 

260 '^^^'mi^J .t^o(?^?')n[l-^(l-?')9'("+"T 



(6.12) 



16 



If < Re 1/ < 1, we can change the order of summations. Then 



C2 



oo 



^ -|^^n^n(n+l) oo ^2um 



y ^ 



m=—oo 



(1 - g2)g2(m+n) 



We denote the sum of the inner series by c^. Then 



C2 



20, 



2(l-^y)^ 



Assume now that s = — 1 in ( |6.12|) . Then in the same way we obtain 



Cl 



29, 



-eq2{q^)Eq2{-q^ 



and thereby come to ( |6.9| ). It determines ^^,2^+" as ( p. 91 ) for non-integer p by the ana- 
lytical continuation. 

The g^-Fourier transform of z'^^ , v ^ 0, ±1, ... . 



\_-q 
2er 



2 oo 



m=— oo 



differs from (|6.11| ) by the sign and the complex conjugation, i.e., in this way we have 
We summarize all results in the table: 



^(g) = dq2zf{z)E^2{%{\- q')zs) 



bq2{z) 



(n = 0,l,...) 



2z"g-"("+^){fe!2^s-"5g2( 



(n = 0,l,...) 



■n+l (l-q^)" „n 



s Signs 



e^2(g")gg"(-g"^^ 
260 



[z/^0,±l,...) 



200 
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